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Light attenuation and exponential laws

by Ian Garbett

A planar vibration under resistance gets exponentially "damped out",
like ripples from a bobbing fishing float.

Introduction

In 1947 a young Bedouin shepherd found some ancient scrolls while investigating a small opening in the cliffs
near the western shores of the Dead Sea. Three ancient scrolls were made from leather, wrapped in decayed
linen, and were covered in ancient scripts.
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In that same year, Willard Frank Libby of the University of Chicago also discovered Carbon−14, a radioactive
isotope of carbon. This led to a method of dating once−living materials by measurements of the radioactivity
of the sample. Beta particles (electrons from a nucleus) are emitted when Carbon−14 present in the sample
decays into Carbon−12 (the latter is a common and stable isotope) and the rate of these emissions can be
measured.

During the following few years, more discoveries were made at four more sites. Hailed as the theological and
historical finds of the century, these documents were and still are considered to be of immense importance to
Western religion. They have been the source of much controversy, especially since many scholars have been
refused access to them in their present place of safe keeping. However, at least one fact could be determined
using Libby's Carbon−14 dating technique, which was developed by Libby and his team by 1950 − the age
and therefore authenticity of the scrolls.

This dating technique relies on the fact that the number of Carbon−14 atoms released by a radioactive material
follows an exponential function when plotted against time. Because of this, radioactivity is said to follow an
exponential decay law.

Exponential Laws

Radioactivity is just one of many physical processes that obey an exponential law. Another example, which is
a direct analogue of radioactive decay, is radiation attenuation (non−charged particles and electromagnetic
radiation) in matter. Newton's Law of Cooling is also an exponential decay law. Likewise, the rate at which
electric charge dissipates from a capacitor through a resistor follows an exponential decay law (this has a
direct analogy with fluid leaking from a container, where the flow of fluid from the container plotted against
time decreases exponentially).

The simpler mathematical models of population growth (of bacteria or other animals), where there are no
restrictions on food and competition does not exist either within the colony or from outside the colony, give
rise to exponential growth models. Populations subject to exponential decay arise in simple life−forms such
as viruses subjected to ionising radiation, giving an exponential decrease with increasing radiation dose.

Many other processes and models rely on assumptions which incorporate the ideas of exponential decay or
growth in a more involved way (for example the exponential damping of vibrations) and because of this an
understanding of exponential relations is a very basic requirement in the sciences and applied mathematics.

Exponential Functions
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Arguably, exponential functions crop up more than any other type of function when using mathematics to
describe the physical world. For an exponential function y=bax, a general result is that when a>1 the function
is a growing exponential function, and when a<1 the function is a decaying exponential function.

Selecting different values of the base value a, there turns out to be only one value of a such that the gradient
of the graph is unity at x=0. (This property turns out to be useful in solving differential equations and finding
the particular exponential function one needs.) This particular base value is denoted e, and is approximately
2.71828.

Light attenuation

To get a feel for how exponentiality manifests itself physically, let's look at how light (or any electromagnetic
radiation, including, for example, X−rays), decays in its brightness (intensity) through a medium.

Consider a thin slice of material. How thin? Well, physically we can't make the slice thinner than one
molecule or atom, but we will also put an upper limit on the thickness of the slice: it must not be so thick that
any molecule of the substance "lies behind another" taking the line of sight to be perpendicular to the surface
of the slice (see the diagram below). We could call this a "no shadowing" constraint. This means physically
that the number of atoms per unit volume must not be too large if the "no shadowing" constraint is to be met
for our chosen thin slices.

If we took such a thin slice (at this upper bound value of "no shadowing") then we could split the slice even
further (into "very thin" slices) where, even if we place several of these behind each other, we will still get no
shadowing. So instead of the "thin slice", let us take such a "very thin slice".

Photons arriving − front view

Now consider the incoming light particles (we will consider light as being made up of particles, and ignore its
dual wave nature). We will make the simplistic assumption that if a molecule of material happens to be in the
way of an incoming photon, then the photon will be absorbed by the molecule. (This is in fact not that bad an
assumption for low−energy photons.) We further assume that the photons are spread out in space randomly in
the y−z plane (parallel to the face of the slice) and that the photons travel only in the positive x direction.

Clearly the number of photons absorbed by such a slice depends on the number of molecules in the slice. Of
course it also depends on the time interval, so it is better to consider the number of photons absorbed per
second as our dependent variable.
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Photons arriving − side view

Out of six incoming photons in the figure, two are absorbed. This constitutes an attenuation of the beam of
photons at the rate of 1/3 per slice. Placing another very thin slice behind the first one would result in twice as
many molecules being presented to our incoming photon beam, and we naturally then expect twice as many
photons to be absorbed per second (and so removed from the beam). Notice this is true only because of the
way a "very thin slice" satisfies the "no shadowing" criterion. Putting three such slices one behind another
leads to tripling the number of photons absorbed per second.

Photons arriving − side view

In practice, as more slices are added, " shadowing" is more likely to occur. Shadowing could even occur for
just two thin slices, but is less likely as thinner and thinner slices are chosen. This argument leads to the
conclusion that the " no shadowing" condition for several slices is approached only as the thickness of the
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slice  tends to zero.

Letâ€™s say the number of incoming photons is , and it changes by  (so if photons are absorbed, as here,
 is negative). Then using the above idea, we can say that the number of photons of a beam absorbed as the

beam travels through such a thin slice is proportional to the thickness  of that thin slice, which we think of
as made by placing " very thin slices" behind each other.

That is,

Additionally, if the number of photons per second incoming is doubled, then we expect twice as many
photons to be removed (since twice as many absorptions take place per second). This tells us that also

If a quantity is proportional to two different quantities independently, then it is also proportional to the
product of those two quantities. So we see that

Now we introduce a constant of proportion, , and get an equality. Since we agreed that  was negative,
weâ€™ll write it as

or in other words

Now we use the (almost inevitable) next step, courtesy of the calculus − we take the limit as the thickness of
the slice tends to zero:

Now we can write

The relationship

is the differential form of the attenuation law for light transmission. Its particular form is that of the general
equation form previously mentioned:
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This general form states that: the value of the rate of change of a quantity (here y), with respect to a certain
independent variable (here x), is proportional to the quantity itself.

It is exactly this property which leads to a process obeying an exponential law.

The sign of the constant of proportion, c, in the equation above, will determine whether the process is one of
growth or of decay.

From earlier, we know a solution to the differential equation above is some exponential function y=bax; or
rather, putting this in the standard form for exponential functions,

However, we don't have to take this solution on trust, as it is quite easy to find directly. Divide both sides of
the equation above (dy/dx=cy) by y and integrate with respect to x on both sides:

as expected.

The solution to the attenuation law of light photons can then be written as

where of course the negative sign attached to the positive number m has been carried into the solution.

We can go further however, since we can easily find (arguing physically) the value of A above.

Clearly, when the beam is at the surface of the material, no photons will have been absorbed (no molecules
yet encountered). Thus for x=0 we know that n is the value of photons per second measured at x=0. Call this
value n0. Inserting x=0 into the equation above gives us

and so the equation becomes

This last formula is the Attenuation Law for light photons in matter (the non−differential form). It is also
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called the Lambert Law of Absorption, in honour of the Swiss−German astronomer/mathematician/physicist
Johann Heinrich Lambert.

In actual fact m is itself a function of the photon energy, and also the material itself (its density and its
composition), which means that the exponential law only applies in the case of a photon beam consisting of
photons with the same energy value, in a material that is uniform in nature. Because it varies between systems
(beams of different photon energy and different materials), the quantity m is called a coefficient, and is known
specifically in radiation physics as the linear attenuation coefficient.

Chances of Surviving

Let's consider some of the features of what we have ended up with so far.

We have a mathematical solution telling us the number of photons per second we expect to measure at any
distance, x, into material (given pre−knowledge of the number of photons per second entering the material,
and also the value of the linear attenuation coefficient).

Taking the solution and dividing both sides by n0, we get

We can interpret this as "if we throw in n0 photons (in one second), then the expected fraction that survives
(has not interacted with a molecule) to a depth of x is n/n0".

It is then a natural step to apply this value of the expected fraction (out of the whole bunch of photons) to the
chance of any single photon surviving (as is done all the time in statistics). In this case we could assert that the
chance of a single photon surviving to at least a depth x is equal to n/n0.

Notice how we have a law here that essentially reflects what must be a chance (or stochastic) process. In
actual fact (but from more fundamental considerations) there is no way of predicting whether any individual
photon will interact or not, only the probability of it interacting (or surviving) as a function of the depth.

So the probability a photon survives to at least a depth x is P(x) = e−mx.

Note that the P(x) plot never drops to zero (except at a depth of infinity!) and that the rate of change of the
probability of survival (the slope dP/dx) increases with distance (ie the negative slope gradually tends to
"flatten"). It is interesting to consider this from a physical viewpoint.
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Looking down an arbitrary line of sight of travel along which an individual photon could travel, then typically
a molecule will be seen head on, as it were, and this molecule would be at some particular depth. Assuming a
random collection of molecules within the material, it is of course not a certainty that a molecule will be seen
head on for any arbitrarily chosen line of sight, but as the depth increases there is more and more chance that
such a molecule will arise. As the depth increasese further, there is also more and more likelihood that another
molecule will be encountered that "lies in the shadow" of the first molecule. Increasing the depth brings with
it more "shadowed molecules" but these represent no increase in probability of an interaction for any photon
that did happen to traverse that particular line of sight, since such photons have already been removed from
the beam by the first head on collision.

Choosing many such lines of sight − according to a large population of photons − gives now a more general
result: increasing the depth means more likelihood of shadowing, for the average photon, and so there is less
proportionate increase in a chance of being absorbed, per unit depth of travel.

In The Ubiquitous Exponential Laws II − Radioactive Decay, to appear in the next issue of Plus, Ian Garbett
shows how radioactive decay obeys an exponential law, and explains how we can use this fact to date
artefacts such as the Dead Sea Scrolls.
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