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Sometimes, mathematics may seem like a collection of procedures and techniques, rather than the beautifu
consistent whole it really is. One such collection of rules tells us how to find the slope, or "gradient"”, at a
specific point on a curve described by a function. This is better known as differentiation, and is one part of
calculus.

This article is the first of a pair which aim to help students encountering calculus for the first time. You do no
need to know how to differentiate in order to follow, so it could be used as an introduction to the subject.
However, the second article, to appear in issue 28 of Plus, will assume you have encountered differentiatior
as such a set of rules.

We start by explaining a little about gradients. In particular, we look at which functions do, and which
functions do not, have a well defined gradient. Next we calculate the gradients of the two furicaiods

sin(x) at every point. The message here is not that we want the answers, which, if you have encountered
calculus before, you probably know e andcos () respectively, but rather the method, which gives us a
taste of limits. The topic of limits belongs to a subject known in mathematics as analysis. This is a central co
underpinning much of the machinery of applied maths.
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Differentiation: the mathematical magnifying glass.
Image freeimages.co.uk

In the next article we will briefly recap how to avoid the case—by-case arguments we have used here by
manipulating the algebraic expressions with which we usually describe functions. This is differentiation as w
know and love it! We will also think about how functions are built from component parts, and how we
differentiate a function by considering these parts individually and how they are combined.

Slopes will never look the same again.
Image DHD Photo Gallery

Gradients

Let's start with a simple example, by considering the straight line shown in figure 1 below. The gradient of th
line is defined to be

Change in y

(1)

Change in 2

If we take any two distinct pointg'1 - ¥1) and(2. ¥2) on the line, the gradient is defined as

Y2 —
o — &1 - )
which doesn't depend on which points we take. DefiHi’n'@ this way, the equation of the line is

m =
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Yy =mr + c.
where® is the value of at the point where the line crosses‘thexis.
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Figure 1: The gradient of a straight line

But what should we do with curves that are not straight, such as the graph of the functhewn in Figure

2 below? Let's choose the poft— 3, and try to decide what it means for the curve to have a gradient at the
point(3. 9). What we'll do is draw a "tangent line", and find the gradient of this straight line. The gradient of
the curve will be defined to be the gradient of this line. We risk a horrible circular argument here because we
want to take a straight line which "has the same gradient as the functothat point". But since we haven't

a clue what the gradient is yet, we can't! Instead, let's try to make some sense of what a tangent line could &

10 1

9 1

Taneent line

0 1 2 3 4 5

Figure 2: Finding the gradient of yZat x=3

So, imagine you have a magnifying glass or microscope and you take a closer look at the function around tt
point(3. 9). Imagine you can increase the zoom and keep zooming in to get a closer look at the function
around the point (3,9). If you do this, very soon the curve seems to straighten out. For very high

. . 2 . . . . . 2
magnifications, the curve” actually looks like a straight line. We say that at the ;:(dm“l_’)) the functionz~
appears to become straight under magnification. So, we attempt to define the gradieat-6f— 3 as the
gradient of the straight line which appears under very high magnification.

A note of caution, though. It is very important indeed that you magnify in bothahe directions equally

and simultaneously. If, for example, you continually stretch thaxis, the function will eventually appear to
become flat! This is very misleading.
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As you may already know, the formal process of differentiation allows us to calculate the value of this
gradient at any point on a function that appears to become ‘)straight under magnification, not.jts$t say.
In a moment we will demonstrate that the gradient of the curat a point 2T, by examining a limiting
argument.

Have a look at the graph below. This looks very complicated but it too appears to become straight under
maghnification. A small area aroudd= (1.4246... has been magnified twenty times. In fact, if we magnified

the function further it would quickly appear to be locally straight, and we could decide how to draw a tangent
line.

Figure 3: A "spiky" function which is actually smooth, and even appears to become straight under
magnification

So just looking casually at the graph itself is not necessarily a good guide as to whether the function appear
to become straight under magnification, or not. However many commonly encountered functions, such as
polynomials, and also the functiorigi(:), cos () ande”, will appear to become straight under

magnification. Simply applying the formal rules of calculus in a mechanical way, without giving much
thought to what you are doing, is also fraught with danger. The very fact that calculus is so effective, and the
wealth of functions to which calculus may be applied, sometimes lulls the careless into thinking that all
functions appear to become straight under magnification.

Some functions which do not become straight under
magnification

An example of a function which does not appear to become straight under magnification at t-ﬁe:pBi'nI
||, which is defined as

| l o x. xr = ().
- -z, <0
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Figure 4: The graph of |x| at various magnifications

0.125

The graph ofr| is shown above under different degrees of magnification. It always appears "kinked" around
the point(0). 0). We can never fit a straight tangent line to the curve at the(poit. However, away from
the point(0. 0), || is straight. The gradient of the function away fris 1 if © > 0 and—1 when® <0,

which is simply the algebraic sign bf sometimes written as dgn:

1. G e 2 ) B
sen(x) :=<¢ —1. 2 <0,
undefined. = 0.
37
9 4
14
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Figure 5: The function f(x) = |x|-|x—-1|+|x—2]|

Some functions which do not become straight under magnification
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There are many other functions which do not become straight under magnification. Simply adding together
shifted versions aft|, such ast — 1, will allow us to produce many different functions with "kinks". For
example, the graph of the functiéfir) = || — | — 1| + | — 2|is shown to the left.

Figure 6: The function f(x)=x|x-2| + 1

And shown to the right is the functidt®) = x| — 2| + 1. This has a kink at = 2, but is not made of
straight line sections.

In addition, it is possible to produce functions with an infinite number of such bad points. In fact, the graph

shown below is of a continuous function which has a "kink" at every point! More correctly, we cannot define
the gradient at any point of the curve.

0.6+

o

Figure 7: A function which does not become straight under high magnification anywhere
Examples such as this were ignored as monsters by some 19th century mathematicians who argued about

whether they were even functions. However, these are what make mathematics surprising and interesting. |
fact, such examples are much more common that experience applying calculus to textbook examples would
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lead us to believe. Importantly, such objects, known as fractals, turn out to be very useful for describing the
shapes of physical objects such as mountains, coast lines, fractures, cracks and so on. This is perhaps the |
famous example, and is constructed by adding together an infinite number of of saw-tooth-like functions.

Other examples are a little easier to handle algebraically, but it is harder to prove they are "monstrous". Twc
such examples are

= sin(n3z sin(4ax sin(9x
f(x) = Z #;I) = sin(x) + lll‘(I ) + l“f) ") + ... (1)

— sin(n!x) ;% sin(2r)  sin(6x)
f(x) = Z — =sin(z) + + +

n! 2 5
n=1

You might like to use a computer to approximate these functions by plotting the first few terms in each serie
For the first of these functions you start by plotting
sin(x).
then plot
sin(4dx)
o

sin(x) +

then
i sin(4dax sin(9x
sin(x) + sitadr) + L ).
1 9
and so on. You will soon see an intricately detailed function evolve.

Calculating gradients of some simple functions

So far, we have done very little mathematical calculation or problem solving, and only discussed what
happens when we look at the graphs of curves under magnification. Now we will try to calculate the gradient
of a curve by manipulating the formula for the curve itself. We will calculate from first principles the gradient
at every pomt of the two very familiar basic function$andsin(). Although you may already know the
answers 2 andcos () respectively — we are really interested in the method for finding them. Then we
explain what goes wrong when we try to apply this method to the fuetiant = 0.

A Jf()

fladh) oo
flf:l‘ Fh) —f[;r]
f(z) +ovivemeeeon

Figure 8: Calculating the gradient of a general function
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To the left is the graph of a functidi), and the poinf" at which we want to try to define the gradient. One
way to think about the gradient is to draw a straight line connecting the pointér)) and

(x + h. f(x + h)) on the curve. We may calculate the gradient of this straight line using equation (1): it is
equal to

change in 1

change in -
This quantity is the change /i) divided by the change ih, and this gradient is

[+ h)— f(x)
h

for all A £ 0.

Since we are interested in functions that appear to be straight under very high magnification, we are most
interested in what happens wheand® + / are close together. This happens for very small positive and
negativeh. The gradient of the line in the diagram above will then be very close to the gradient of the
function, which now appears straight. Note that the diagram only shows the situafior fdand also when
his quite large. You will have to imagine for yourself what happens Whesmall, or whe® < 0. Here we
cana€™t set = 0 as that would mean dividing by zero, which makes no sense.

The function x 2

Let us consider the concrete example) = . Calculating the formula
Jlet ”}: —J@) o all b £0 @
gives

fleath)—flx) (x2+h)?—2® a®+2h+h®—2® 2x + h.

h h h

If s very small — positive or negative — we may approximéte- h as2_ If we think about what happens
ash gets very small indeed, in the limit we have the slope of the tangent line. By a limiting argument, which
can be made watertight mathematically, we say that the funtion= 2% does indeed become straight

under magnification because we can make sense of the slope of the chord, in the Iirﬁitsv\x}mry small

indeed. The limiting slope of the chord defines the slope of the tangent. In this case theXfiniRhisrefore,

we say the gradient of the tangent liné¥s although in this case we knew that already.

The function sin(x)

The function x2 8
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rsin(z)

\

rcos(a) /

Figure 9: The definition of the trigonometrical functions sin(x) and cos(x)

Next we attempt to deal with the functiom (). Recall that if” is an angle in a right angle triangle with
hypotenusé , sini() s the length of the opposite side, as shown to the left, which in our case is the length of
the vertical side of the triangle.

Before we calculate the gradientdfi() we need to think for a moment about angles, and more particularly
about the units with which we measure angles. Recall that given a circle of ratiessircumference 77"

If we have a fractiorf’ of a whole circle we have arc length”. Generally we don't talk about fractions of a
circle, but rather an angle measured with some system of units. Two common methods ailsé(fadegeees,

or 27 radians. If we use an andlethe arc length will b&7h wherek is a constant that depends on the units
of angle you use. If we use radians, thert 1, which is the whole point of using radians! Therefore, if we
have an anglé measured in radians, the arc length is sirfily

To calculate the gradient on the curve'df(r), we need to evaluate

sin(x + h) — sin(x)
h '

To do this we examine the diagram below, which gives us a clue as to how to estiriate /).

N
Arc length = kh

~ khcos(z)
y
=

sin(z + h)
sin(z)

Figure 10: Calculating sin(x+h)

Here we have taken r=1. Each occurrence of the angle x is markedm. Next we approximate the
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hypotenuse of the small triangle with right anglepaas the arc length of the circle, whicH{s, For small
values of?, which we need to consider when finding the gradient, this is a very good approximation indeed.
Therefore, since we have taken the radigs 1, we have

sin(x + h) = sin(x) + khcos(h).

and so
sin(x + h) —sin(x)  sin(x) + kh cos(h) — sin(x) K
> — : = kcos(x).
Therefore the gradient 6f1:() is equal td® cos (). Recall, the constaf\'tdepends on the units we use to

measure the angle. If we use radians then L. This is the reason for adopting radians in mathematics, rather
then degrees which are very convenient for more practical measuring purposes. A(rtkioegmot appear in
this formula, we assumed tHatvas small in order to estlmate the hypotenuse as the arc length. This allows
us to calculate the gradient of the curi(x) at the point".

The function |x|

The diagrams in Figure 4 show convincingly thais not locally straight at = 0. what happens if we try to
calculate the quantity in formula (2) in this case? Well,
f(O+ h)— f(0) m
h h'
If i >0, thenlh| = h and so this quantity equdisOn the other hand, for &ll << 0, |h| = —h, so this

quantity equal§l Thus as we approa&h‘rom the positive direction the gradient appears té bad from
the negative direction the gradient appears to heSince these do not agree, we cannot define the gradient at
U'in a meaningful way. This confirms that is indeed not straight under magnificatiod’at U.

In the next article we will continue this discussion and examine some formal rules which drastically reduce
the effort necessary to calculate the gradient. We will also think about about how functions are built up in
different ways, and how these rules are applied in much more complex situations.

Exercises

The following exercises are suggestions of things you could work on to test whether you can adapt the
arguments above to a new situation. There are no answers here to encourage you to work on them yourself

1. Redraw Figure 8 showing the situation wherr 0 and small.

2. Sketch on the same axes and compare
o |2 | and its derlvatlve sgi),
L > and its derlvatlve'
¢+ 2" and its derivativéz?,
3. Apply formula (2) to the foIIowmg functions and simplify them as far as possible. Try to write your
answer in the form(l) + h x (stuff), whereg () depends only off, not on.
¢ flx) =2a°
¢ f(x) = .1.’
¢ f(x) = '2.1.’3 + 29

The function [x| 10
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What happens whehbecomes very small? What can you say ab6ui?

4. Apply formula (2) to the function
, |
f(x) =—.

xr
Write your answer as a single fraction. What happens Wibetomes very small?

5. Adapt the diagram in Figure 10 and try to work through the argument given to show that

( g
f_(‘(b‘(.l‘) = - h'lll(.l').

da

Instead of approximatingi:(/) = h for very smalf?, you might need to usess (k) ~ 1 — - for

very small.

6. Give an example of
+ a function with a "kink" a' = 2.

# afunction with "kinks" att = 1, =2 gngr = 3,
7. Sketch, using a computer, the functions
fi(x) = sin(x).
. sin(4ax
f2(x) = sin(x) + = 1(1 ) :
. , sin(4dx sin(9x
fa(x) = sin(x) + Ein{d) + il ).
4 9
If possible, sketch
, : 2 sin(4x) sin(n’x)
fn(x) = sin(x) + 1 e~
for Iarger”. Try, in your mind's eye, to relate these partial sums to the infinite sum
, = sin(n32) o sin(dx)  sin(9x)
fx(;l.’) = Z T‘ = h'lll(.l.’) + 1 + 9 +

n=1
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Chris in the Volcanoes National Park, Hawaii, Summer 2003
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