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Since the first plane took paying passengers in the 1920s, airlines have been trying hard to make as much
money as possible out of the travelling public. Doing away with the silver service on flights might have savec
them a few pennies, but using mathematical principles to decide how to price their tickets has certainly mad
them a lot of money.

Revenue Management

Airlines began by charging a single price for identical seats on their aircraft but, in the 1970s, realised that if
they sold a few seats early at a discounted rate (an early bird value price), and with more restrictive
conditions, then they could fill up some of the seats that would otherwise not have been sold. But how many
seats should they sell at the discounted price? Sell too many and they would not have enough seats left for
higher paying customers. Too few and they would still be left with empty seats on take—-off. This is the heart
of the revenue management problem: what price should an airline charge for each of the seats on its flights
that it maximises its revenue (i.e. the total money coming in from ticket sales). Put another way, how many
seats should an airline reserve for the high—paying customers and how many can it sell at bucket-shop pric
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Knowing the customer

Each potential customer will have what is called a reserve price for a flight ticket, which might vary with the
time left before the flight and will also depend on the passenger's reason for travelling. A customer's reserve
price is the maximum that they would pay to make the trip. Customers don't tell airlines what their reserve
price for a flight is (assuming that they know it themselves), so a lot of the analysis that airlines do involves
trying to work out the distribution of reserve prices for their potential customers. Why is this knowledge so
important? Every time an airline sells a ticket to a customer at a price below their reserve price, the airline is
losing potential revenue because the customer would have paid more for it. The airline also loses potential
revenue if it underestimates the number of people prepared to pay higher fares and sells too many tickets a
discounted rate. The distribution of reserve prices tells an airline how many people would want to buy a ticke
at any given fare. If it knew exactly what this was, it would always have seats remaining for the high—paying
customers.

Money: maximise it!

Estimating what customers are prepared to pay involves a thorough analysis of sales data from previous
flights. Airlines will look for trends in the numbers of passengers: a general increase or decrease in humbers
They will also look for cycles in the data. These might just be weekly cycles (busy flights on Monday and
Friday, empty flights on a Tuesday lunchtime or 6am on a Sunday) but there will also be annual cycles,
especially on holiday flights. In fact, forecasts need to take into account everything from school holidays anc
big football matches to terrorist activity and high fuel prices — anything that could affect people's desire to
travel. This is why there will always be a need for the human factor in forecasting.
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Maximising the revenue

Even when an airline has a good idea of the distribution of reserve prices for its potential customers, decidir
what to charge for each of the seats will mean performing a complex constrained optimisation problem. The
problem is constrained because the aircraft only has a limited capacity. We can consider a very simplified
example to demonstrate the kind of problem that airlines face.

Let's assume that we have just two fare classes on our aeroplane and that we have good estimates of the
expected demands for the two ticket types. For the moment, we'll assume that our demand is deterministic,
it isn't random, so we can predict it exactly. With these assumptions, we can write the revenue management
problem as a series of linear equations.

We wish to maximise the expected revenue generated by the flight. For the two—fares example, the expecte
revenue is

Y = it + prh

where we expect to selil low—cost tickets at the discount price/'fﬁfand""*" high—cost tickets at the higher
price of ”. We also have certain constraints thaand™” must obey:

1. We cannot sell more tickets than we have seats on the plane (actually airlines do sometimes ignore
this constraint a technique called overbooking which we'll discuss below), thetefdre;n = C,
whereC' is the number of seats on the aircraft.

2.The nl[meer of low—cost seats sold must be less than or equal to the demand for low-cost seats:

r < d.

3.The nu}mber of high—cost seats sold must be less than or equal to the demand for high—cost seats:

Th < dp,

The two variables that the airline can aﬁect'ﬁrend"')”, so these are called its decision variables.

Determining the optimal values fof and™" such that all of the constraints are obeyed can be done using a
technigue called linear programming (this is introduced in some A level decision maths courses. To find out
more, take a look at wikipedia's entry on linear programming). In fact, with the two—fares example, we can
draw a diagram showing all the constraints. This is shown in the figure below.
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So, we can see from the diagram that to maximise the revenue, we shdtiidise that we satisfy all of the
high—fare paying customers and we should fill up the remaining seats with passengers paying discounted
fares.

Adding complexity

In reality, the airline not only has to decide on the optimal allocation of seats to fare classes but it also must
decide what will be the best fares to charge in each of those classes. The optimisation is said to be stochast
because some of the variables in the problem are random. In this case, the numbers of people wanting to bt
tickets at a given fare are random variables. The fact that the problem is stochastic means that the airline ne
to work with expected values and probability distributions, which makes the optimisation harder to solve.

Complexity in numbers

Airlines still use linear programming to solve these stochastic optimisation problems, but use different

decision variables from those in the simple example considered above. Rather than deciding on the number
seats to sell at a given fare, an airline considers each seat in turn and decides whether or notto sellitata g
rate. Therefore, for an aircraft with 100 seats and 2 fare classes, there would be 200 decision variables. The
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decision variables can only take on the values 1 (sell the seat at this fare) or 0 (don't sell the seat at this fare
Because of this, a specialised form of linear programming called integer programming must be used to solve
the problem. Integer programs take longer to solve, so the airlines need a lot of computing power.

Another method used by airlines to decide whether or not to sell a ticket is an opportunity cost. An
opportunity cost is defined to be the cost of giving up the next best option when making a decision. Thinking
about the early—bird discounts discussed above, the opportunity cost of selling the ticket at a discount is the
expected cost of giving up the opportunity of perhaps selling the ticket later at a higher price. Each time the
airline receives a request for a discounted ticket, it weighs up the revenue that it knows it will receive by
selling the ticket now at a low price against the expected revenue that it would receive if it reserved the ticke
for a higher paying passenger. The expected revenue from the higher—paying passenger is equal to the
probability that they will request a ticket on the flight multiplied by the higher fare and so using the expected
revenue takes into account the fact that a higher paying passenger may or may not request a ticket later in t
selling period.

As airlines have become more sophisticated, the number of different prices that they charge for tickets has
increased and today there are often around ten different fare classes for economy passengers. Each of the |
classes will have slightly different conditions associated with it. The purpose of these conditions is usually
simply to make the lower fares unattractive to passengers prepared to pay more. For example, the cheapes
fares might insist that the ticket is a return with the passenger being away over a Saturday night (deterring
business people from buying them) and the most expensive will be fully flexible tickets. The airline must now
decide on prices for each of the different fare classes and the number of seats to reserve for the different
classes, which complicates the problem further as it introduces more variables. The higher the number of
variables the longer the optimisation algorithms will take to run.

Overbooking

Want a holiday? Hop on a plane!
Occasionally people don't show up for a flight that they've booked. They might miss the train that was going

to take them to the airport, have been in a business meeting that over ran or simply have changed their min
about the flight and decided not to go at all. Because of this, airlines often sell more tickets on a flight than
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there are seats, a practice known as overbooking. They are taking a gamble that some of the people won't
show up at the check-in desk. Obviously, if all of the passengers do turn up, then the airline has an addition
cost to pay as customers have every right to some compensation for being bumped off their flight. In fact,
some people actually deliberately book themselves on busy flights in an attempt to get the compensation
money, which can be more than the cost of the ticket!

Overbooking was the first area to receive the "mathematical treatment”, and to begin with airlines tried to se
just enough extra seats so that the probability of bumping a passenger off a flight was between acceptable
bounds. These days, the effects of overbooking are included in the revenue maximisation problem, using th
probability distributions describing passengers' behaviour to estimate the expected costs and/or benefits of
issuing more tickets than seats.

No frills airlines

No frills

Easyjet made its first flight in 1995 and this signalled the beginning of the low—cost airline boom. The ethos
of these so—called "no frills" airlines is to lower costs by reducing any unnecessary spending — no in—flight
meals, cheap airports, no boarding cards, etc. More interestingly for this article, there are also no difference:
in fare restrictions. The only thing that differentiates two tickets on a no frills airline is the date on which they
were bought. This changes the revenue management problem. Instead of needing to know the demand for
different types of ticket, airlines now need to know how people's buying behaviour changes over time.

Increased complexity

An average of 1250 flights operate through Heathrow every day. Multiply that by the number of major
airports in the world and you have a very complex network of interconnecting routes. As the network has
become more complicated, so too has the revenue management problem. First, you have the impact of
competition on your demand estimates. For example, BA may estimate the number of passengers that will &
tickets in a particular class on a particular flight only to find that KLM has decided to sell its tickets on the
same route at a much lower price. The next complication is multi-leg flights. In the USA in particular, it is
rare to have point—to—point connections between cities. Instead, airlines generally use what is known as a
"hub-and-spoke" system, whereby passengers will first connect to a hub, before boarding another flight to
take them on to their destination. This makes the demand for individual flights much harder to forecast, as tt
people travelling on the flights might be making very different journeys. The need to optimise fares over
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several different combinations of flights also complicates the revenue maximisation problem considerably.

Not just airlines

Itisn't only airlines who benefit from a mathematical approach to pricing their products. The ideas discussec
above are also used to price rental cars, hotel rooms, cinema tickets, airport parking and tee times on golf
courses. Even the sale of turkeys at Christmas can be optimised using the no—frills airline revenue
management model. In fact, the sale of any set of identical products with an expiry date and limited capacity
could be optimised using revenue management. Revenue management is part of Operational Research, an
area of mathematics that investigates the solution of real-world business and organisational problems. If yo
would like to find out more about Operational Research, take a look at the Operational Research Society's

webpage.

About the author
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Plus is part of the family of activities in the Millennium Mathematics Project, which also includes the NRICH
and MOTIVATE sites.
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