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Allosaurus skeleton made by Robert J. Lang from 16 uncut squares of Wyndstone 'Marble' paper. Size: 24
inches. Image courtesy Robert J. Lang.

When | was nine | was an origami master. | had a friend called Kim, who was visiting England for a year fror
Japan. While | showed Kim some of the fun things to do in England, she taught me all sorts of cool Japanes
things, from drawing Manga cartoons to making sushi. Of course, another thing she taught me was origami
and one afternoon she taught me how to make a paper crane. From that moment on, | was the greatest orig
master in the world. Or so | thought. It was another fifteen years before | realised that | wasn't, and in fact
never had been anything close to an origami master.

Surprisingly, | wasn't the only one to have made this mistake. There were undoubtedly many artists

throughout history who genuinely believed that they had produced the best, most complicated origami mode
possible. In fact, it wasn't until well into the 20th century, with the rise of computers, that origami really took
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off.

A short history of Origami

Although origami is nowadays synonymous with Japan, the first recorded reference to it comes from China,
where paper was first produced around 200AD as a cheap alternative to silk. The art of Chinese paper foldit
was known as Zhezhi and was brought with paper to Japan in the 6th century by Chinese Buddhist monks.

e

Pegasus made by Robert J. Lang from one uncut square of Korean haniji paper. Size: 7 inches. Image court
Robert J. Lang.

Origami took off in Japan from then onwards. The Japanese word "origami" itself is a compound of two
smaller Japanese words: "ori", meaning fold, and "gami", meaning paper, and the art was (and still is) a
popular pastime for Japanese children for many centuries.

And so it may have remained, were it not for a Japanese factory worker called Akira Yashizawa, who was
born in 1911 to the family of a dairy farmer. Akira took pleasure in origami when he was a child, and like
most children, he gradually stopped as he grew older and found new things to occupy his time. However,
unlike most children, he re—kindled his relationship with origami when he was in his early 20s. He had taken
job in a factory, teaching junior employees geometry, and he realised that origami would be a simple and
effective way of teaching his students about angles, lines and shapes.

As Yoshizawa practiced more and more, he developed some pioneering techniques such as "wet folding",
which allowed much more intricate patterns and even curves to be formed out of a single sheet of paper. Hi:
work launched an origami renaissance, with his new technigues turning origami from an oddity into an art
form. As more and more complex origami patterns were designed, the art began to receive interest from
mathematicians, who had the same idea as Yoshizawa there was a huge cross—over between paper—foldin
and geometry. The mathematical study of origami eventually led to a new approach to two problems that ha
their roots in a different culture, on a different continent, many, many years earlier.

Euclid's elements

Euclid of Alexandria was a Greek mathematician who lived over 2000 years ago, and is often called the fath
of geometry. Euclid's book The Elements is the most successful textbook in the history of mathematics, and
the earliest known systematic discussion of geometry.

Euclid knew that by using a straight—edge and compass (a straight-edge is like a ruler without markings), it
was possible to perform a large number of geometric operations, like drawing a pentagon, a hexagon and a
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circle. This was widely known at the time, and Euclid being able to do this was by no means unusual.

However, what Euclid did that no—one else had done before, was to take a systematic approach to geometr
Every geometric construction and every mathematical result in The Elements was derived step—by-step frol
a set of five assumptions, which include the basic operations that are possible with straight-edge and
compass:

« Given any two points, one can draw a straight line between them;

* Any line segment can be extended indefinitely;

« Given a point and a line segment starting at the point, one can describe a circle with the given point.
its centre and the given line segment as its radius;

« All right angles are equal to each other;

« Given a line and a point P that is not on the line, there is one and only one line through P that never
meets the original line.

}"‘ ~C |

Hummingbird &trumpet vine made from multiple sheets of Korean hanji paper, wire, and wood. Size: 15
inches. Image courtesy Robert J. Lang.

The assumptions, known as Euclid's axioms, seem obvious, and indeed Euclid himself presumed them to b
obvious as to be self-evident. But their beauty lies in the fact that they can be used to construct geometric
proofs of theorems that are immensely more complex than the axioms themselves.

But there are also limitations to Euclidean geometry. Two of the most famous problems of antiquity were the
trisection of the angle (dividing a given angle into three equal parts) and the doubling of the cube
(constructing a cube which has exactly twice the volume of a given cube). According to legend, the citizens |
ancient Delos were faced with the latter problem when the oracle at Delphi advised them to double the volur
of their altar, in order to avert the plague. This, however, proved impossible using only Euclid's straight-edg
and compass methods, and the same goes for angle trisection. But it turns out that both problems can be
solved using origami! So we are left with the astounding possibility that origami geometry is more powerful
than Euclidean geometry.

The genius of origami
Just as Euclid devised axioms for planar geometry, the modern mathematicians Humiaki Huzita and Koshirc

Hatori devised a complete set of axioms to describe origami geometry the Huzitad€“Hatori axioms (click
here to skip the axioms and see the rest of the article):
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Axiom 1: Given two pointd’! and”2, there is a unique fold
that passes through both of them.

Axiom 2: Given two pointd’! and”2, there is a unique fold
that placed’! onto2.

Axiom 3: Given two linedt and/2, there is a fold that places
l1 ontol2. 4€,4€,4€,4€,4€,4€ &€ &€,

Axiom 4: Given a point"’l and a lind, there is a unique fold
perpendicular té1 that passes through poifit.
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Axiom 5: Given two pointd’! and”? and a lind1, there is a .

fold that placed’! onto!1 and passes throudf. P \

AN

Axiom 6: Given two pointd’! and”? and two linegt and
l2, there is a fold that placéd onto!1 and”? onto!2. o i P,

Axiom 7: Given one point’ and two lined1 and!2, there is .-
a fold that placed onto!1 and is perpendicular fo.

Trisecting the angle

The seventh axiom is the key to both trisecting an angle and doubling the cube. Let's start with the angle
construction. By following the steps outlined below, it is possible to see how these simple axioms can enabls
the folder to perform an operation which eluded Euclid. (Diagrams courtesy Robert J. Lang.)
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Draw the desired angle Make a horizontal fold Fold line BC up to line EF~old bottom left corner up
PBC so that point B is in anywhere across the and unfold, creating line so that point E touches line
the corner of a square of square, defining a line GH. BP and point B touches

paper. EF. line GH.
A J
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N

G — H
/ b
o /e K

o
O

With the corner still up, Unfold corner B. Fold along the crease thalhe two creases BJ and BK
fold both layers to runs to divide the original angle
continue the crease that point J, extending itto  PBC into three equal parts.
ends at point G point B. Fold the bottom

all the way to J, then edge BC up to line BJ and

unfold. unfold.

Giving this a go yourself will probably convince you that the technique works, but for the skeptical, here is a
proof. (NB: This method works for any angle less than 90A°. There are other methods that work for larger

angles.)

Doubling the cube

Suppose you're given a cube of side Ier?dthnd volumé”. Your task is to find the side Iengfl% of the
cube which has volum&. Here's how to do this using origami. (Diagrams courtesy Robert J. Lang.)

B C B’ “ B C B C

Make a small fold Make a crease Fold the top edge  Fold corner C to lie
half way up the  connecting points Adown horizontally  on line AB while
right side of the  and C and another to touch the crease point| lies on line

Point C divides edge
AB into segments.
Work out the ratio

paper. connecting B and Entersection and FG. .
Only make them unfold. Then fold the A(.:/CB and T““'“p'y
sharp where bottom edge up to this by th_e .S.'de length
they cross each  touch with the new s1of the |r_1|t|al cu_be:
other. crease and unfold. the result is the side

length s2 you are
looking for.

In case you're in doubt, here is a proof that this technique works as well.

Doubling the cube
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It's all in the third degree

So what is it about origami that gives it the power to solve these two classic problems? The answer lies in tt
fact that both problems come down to solving a cubic equation. In the case of the cube, you're looking for th
side length’2* so that

85 = 2V,

(SR

whereV is the volume of the given cube. Silée= s}, where®! is the side length of the given cube, we
have

58 g
85 = 287,

which in turn means that

$2 = V281. ‘

Since you know'!, it's reallyy/2 you're after. And this is presicely the number we found in the construction
above.

An arbitrary anglé” can be trisected using trigonometry: writitig— 30 and applying the trigonometric
formula for the cosine of a sum of two angles, you get

cos(tr) = cos(@ + 20) = cos(0) cos(20) — sin(@) sin(28).

Now

cos(20) = cos(0)* — sin(0)*

and

sin(20) = 2sin(@) cos(8).

Substituting this into the equation above and simplifying gives

cos(30) = 4cos(0)® — 3 cos(8).

Solving this cubic gives the possible values@f(?) from which you can work out

It turns out that origami can not only solve the two cubic equations attached to our two problems above, but
any cubic equation, that is any equation of the form

az® + b2’ +ex+d=0.

for some”, b, C‘, andd. (You can find out how to do this on Kashiro Hatori's website.) And while Euclid's
methods can solve quadratic equations geometrically using only straight-edge and compass, they can't sol
cubic ones.

Computational origami

One of the pioneers of modern maths—based origami is Robert J. Lang, an American mathematician and
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origami artist.

In 1989, Lang wrote an article for the magazine Engineering &Science, in which he asked whether a compu
could some day design an origami model deemed superior to those designed by humans. It was a question
so intrigued him that in 1990 he set out to write a computer program that could do just that.

From left: Crease pattern formed by TreeMaker, the resulting base, and the finished model. Image courtesy
Robert J. Lang.

Within several months, Lang had produced the first version of a piece of software he called TreeMaker (thus
called because the figures he used as starting points resembled trees). The program was able to convert a
simple line drawing, or stick figure, into a plan for a paper base from which a model could be folded.

In this context a base is a geometric shape that contains flaps corresponding to all of the appendages of the
origami model. So a crane, with two wings, a tail and a head is formed from a base with four flaps, while an
insect, with six legs, a head and an abdomen, is formed from a base with eight flaps.

Rattlesnake made from one uncut rectangle of Thai unryu paper. Size: 8 inches. Image_courtesy Robert J.
Lang.

At first, TreeMaker was, in Lang's own words, "little more than a mathematical curiosity". However, over the
next eight years, as Lang's understanding of crease patterns grew, he added algorithms to the program. By
1998, TreeMaker was capable of constructing the full crease pattern for a wide variety of origami bases.

Today, Lang has a collection of thousands of origami sculptures. While not all of these have been designed
with the aid of TreeMaker, some of his most complicated designs would have been impossible without it.
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Images of his creations are dispersed trough this article.

Origami technology

While some of the designs by Lang and others are truly astounding, it is easy to dismiss origami as simply &
beautiful but without application in the real world. It comes as somewhat of a surprise, then, to learn that
origami techniques are being employed in technologies ranging from space telescopes to car airbags.

Irish elk made from one uncut square of Korean haniji paper. Size: 9 inches. Image courtesy Robert J. Lang.

Ever since the Hubble Space Telescope was launched into orbit by the space shuttle Discovery in 1990, sp:
scientists have been working on its eventual successor. Not one to be accused of a lack of ambition, Roderi
Hyde of the Diffractive Optics Group at Lawrence Livermore National Laboratory in Livermore, California,
put forward the idea of building a telescope forty times larger than Hubble. The Hubble telescope itself is no
small contraption, at 13 metres long and with an aperture of 2.4 metres. The telescope Hyde was proposing
would have an aperture of nearly 100 metres, and would be hundreds of metres long. Immediately this pose
logistical problem: even if such a thing could be designed, how would it get into orbit?

The answer came when the researchers realised that it might be possible to construct a foldable lens which
could be packed into a space shuttle. The distance between the two ends of the telescope could simply be
achieved by placing two lenses in orbit at a suitable distance from each other, where a lack of gravitational
force would allow them to stay. Immediately seeing the link with paper folding, the lab contacted Robert J.
Lang to ask for his expert opinion.

Over the course of the following year, and with Lang's help, the lab team constructed a prototype called
Eyeglass, which is five metres in diameter. Hubble's actual successor, the James Webb Space Telescope t«
launched in 2013, does have a mirror that folds up origami—style to be put into a rocket.

For an application closer to home, the development of automobile airbags provides another example of how
origami is used. Before an airbag inflates during a crash, it is folded tightly into a compartment within the
steering wheel or dashboard. Engineers designing airbags start by modelling the inflation process on
computers. In order to do this, they need an algorithm by which to "fold" the fully inflated airbag.

Using an algorithm from his computer program TreeMaker, Lang was able to provide engineers from the
German company EASi Engineering with a solution for their folding problem. This was essentially to
represent the airbag as a series of polygons, whose edges remained aligned during and after folding a task
could be achieved with a detailed fold pattern like those Lang was using for his origami models.
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A master of origami

For an art that is as old as paper itself, origami has taken an astonishingly long time to reach its potential.
Today there are hundreds of other applications being discovered, from helping to build self-assembling rob
to providing clues as to how proteins fold into precise three dimensional shapes in the human body. It has
taken nearly two thousand years and the birth of the computer to realise just how much is possible, and Lan
creations are testament to just how far we have come.

Praying mantis made from one uncut square of paper. Size: 4 inches. Image courtesy Robert J. Lang.

The incredible applications of origami have well and truly put an end to my early illusions of grandeur, and
the belief that | had conquered the world of origami at nine years old with a paper crane. However, for the
origami novice, the delight of discovering that you can make such an elegantly simple form from a single
sheet of paper and a few folds can make anyone think that they are an origami master. Go on, | urge you to
it | guarantee you'll be hooked.

About this article

Liz has a biology degree and is currently studying for a Masters in Science Communication at UWE in
Bristol. She also worked for a wildlife television company, and in her spare time she enjoys watching
Hollyoaks and playing with creepy crawlies.
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Plus is part of the family of activities in the Millennium Mathematics Project, which also includes the NRICH
and MOTIVATE sites.
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